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Abstract A friction coefÞcient is deÞned as the ratio of
the friction force to the applied normal force. Despite the
disarming simplicity of its calculation, there are practical
challenges that make low values of friction coefÞcient
difÞcult to accurately quantify. The connections of
imperfect parts in friction measurement devices (called
tribometers) produce small misalignments between the
transducer and counterface axes. According to Schmitz
et al. (J Tribol Trans ASME 127:673Ð678, 2005), ÔÔƒ the
measurement of friction coefÞcient is extremely sensitive
to misalignmentsÕÕ and ÔÔfor materials with friction coefÞ-
cients below 0.05 the alignment becomes hopelessly dif-
Þcult if the goal is to have uncertainties below 1%.ÕÕ This
method article reviews the challenges of low friction
measurements and presents a robust reversal technique that
eliminates misalignment bias. Experiments with controlled
misalignment angles demonstrate the bias sensitivity and
validate its elimination using a low uncertainty tribometer
in conjunction with the described reversal technique.
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1 Friction CoefÞcient Measurements

Friction force measurements provide insights into the
fundamental interactions of surfaces and an empirical basis
for machine design. A friction coefÞcient is deÞned, as
shown in Eq.1, as the ratio of the force resisting motion
(friction force, Ff) to the applied normal force (Fn).

l ¼ Ff

Fn
ð1Þ

In general, friction coefÞcients range from about 0.2 to 1
for typical material pairs under standard conditions. Values
much greater than 1 are not uncommon in vacuum and a
number of modern materials have exhibited Ôsuper
lubricityÕ with friction coefÞcients well underl = 0.01.

Values of friction coefÞcient are often reported for
common material pairs in handbooks to guide preliminary
designs. Engineers mistakenly use these values as they
would use tabulated values of yield stress. In reality,
material pairs do not have singular characteristic values of
friction coefÞcient. The friction coefÞcient is extremely
sensitive to the lubrication, environment, and contact
conditions, and under nominally constant conditions, it can
exhibit large time dependent variations over a range of
time-scales.

Scientists often calculate statistics from measurements
to provide an indication of the population mean and vari-
ance, both of which are valuable to design engineers. In
addition to inherent variations in the interfacial friction
coefÞcient, the measured valuealways deviates from the
true value of the measured quantity. The measurement
uncertainty describes the ÔÔdispersion of values that could
reasonably be attributed to the measurandÕÕ [2]. Measure-
ment uncertainties are critical to scientiÞc studies because
they provide the reader with an indication of the quality of
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the measurements; despite their importance, discussions of
measurement uncertainties are almost completely absent
from the tribology literature. Schmitz et al. [1] conducted a
detailed uncertainty analysis of a friction measurement and
found that transducer misalignment generally dominates
the friction coefÞcient uncertainty.

2 Effects of Transducer Misalignment on Friction
CoefÞcient Bias

A calculation of friction coefÞcient requires normal force
and friction force measurements. In practice, however,
neither can be directly measured. A typical experimental
conÞguration is illustrated in Fig.1, where the friction and
normal forces are reacted by a force transducer. Ideally, the
counterface surface deÞnes the orientation of the transducer,
and the reaction forces are equal to the interfacial forces. In
reality, the transducer and counterface are separated by an
assembly of imperfect parts which results in a misalignment
angle between the vertical (Y) axis of the transducer and the
counterface normal (to whichl is referred). The measured
friction coefÞcient,l0, is deÞned by the ratio of the trans-
ducer forces;l0 ¼ FX

FY
. For simplicity, theX andY axes are

assumed orthogonal (assembly misalignment dominates the
squareness error of any single component). The entire
transducer in Fig.1 is displaced by a single misalignment
angle,a, from the counterface normal. The transducer forces
and the measured friction coefÞcient,l0, are given by Eqs.2,
3, and 4 using a condition of static equilibrium and the
deÞnition of the interfacial friction coefÞcient,l ¼ Ff

Fn
.

FX ¼ lFn cosðaÞ � Fn sinðaÞ ð2Þ

FY ¼ Fn cosðaÞ þ lFn sinðaÞ ð3Þ

l0 ¼ FX

FY
¼ lFn cosðaÞ � Fn sinðaÞ

Fn cosðaÞ þ lFn sinðaÞ ¼ l cosðaÞ � sinðaÞ
cosðaÞ þ l sinðaÞ

ð4Þ
The measured friction coefÞcient is a function of both

the interfacial friction coefÞcient,l, and the misalignment
angle,a. The measured friction coefÞcient and the ratio of
the measured friction coefÞcient to the interfacial friction
coefÞcient are plotted versus angular misalignment in
Fig. 2 for l = 0.1, 0.01, and 0.001. The measured friction
coefÞcients decrease with angle at the same rate, but the
measurement error is much more sensitive to misalignment
at lower values of friction coefÞcient. According to Sch-
mitz et al. [1], ÔÔƒ the measurement of friction coefÞcient is
extremely sensitive to angular misalignments between the
loading axis and the counterfaceÕÕ and ÔÔfor materials with
friction coefÞcients below 0.05 the alignment becomes
hopelessly difÞcult if the goal is to have uncertainties
below 1%.ÕÕ

Schmitz et al. [1], used static force measurements to
calculate an angular misalignment of approximately 2.5� ;
for l = 0.1 andl = 0.01, the corresponding errors are
40% and 400%, respectively. The authors used this
measurement with Eq.4 to solve for the interfacial fric-
tion coefÞcient. Although the bias can be corrected using
this method, the angular measurements are difÞcult to
make and are themselves subject to signiÞcant uncer-
tainties. A reversal technique has been developed here to
address these challenges. As shown in the following
discussion, this method completely eliminates misalign-
ment sensitivity without requiring knowledge of the
misalignment angle.

(a) (b)
Fig. 1 Schematic
representation of a typical
friction coefÞcient
measurement;a forward sliding,
b reverse sliding. Assembly of
parts with realistic
manufacturing tolerances results
in an angular misalignment of
the transducer with respect to
the counterface. As a result, the
forces on the transducer axes are
not identical to the friction and
normal forces. The friction
coefÞcient measurement,l0, is
biased from the interfacial
friction coefÞcient,l
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3 Reducing Misalignment Sensitivity

If the sliding direction is reversed (as is naturally the case
in reciprocating experiments), the friction force is also
reversed as shown in Fig.1b. The measured forces and
friction coefÞcient in the reverse direction are given by
Eqs.5, 6, and7.

FXr ¼ �lFn cosðaÞ � Fn sinðaÞ ð5Þ
FYr ¼ Fn cosðaÞ � lFn sinðaÞ ð6Þ

l0
r ¼ FXr

FYr
¼ �lFn cosðaÞ � Fn sinðaÞ

Fn cosðaÞ � lFn sinðaÞ ¼ �l cosðaÞ � sinðaÞ
cosðaÞ � l sinðaÞ

ð7Þ

For subsequent discussions, f denotes forward and r
denotes reverse directions. The fortuitous sign changes
from Eqs.4Ð7 enables the removal of misalignment bias by
appropriately deÞning an averaged friction coefÞcient as
shown in Eq.8.

�l0 ¼
1
2 ðFXf � FXrÞ

FYðaverageÞ

�l0 ¼ lFn cosðaÞ � Fn sinðaÞ þ lFn cosðaÞ þ Fn sinðaÞ
Fn cosðaÞ þ lFn sinðaÞ þ Fn cosðaÞ � lFn sinðaÞ

¼ lFn cosðaÞ þ lFn cosðaÞ
Fn cosðaÞ þ Fn cosðaÞ ¼ 2lFn cosðaÞ

2Fn cosðaÞ ¼ l

ð8Þ

Averaging the forward and reverse forces and dividing
appropriately provides an exact value of the interfacial
friction coefÞcient for any combination of friction
coefÞcient and misalignment angle. Thus, low and
superlow friction coefÞcients can be accurately measured
(within the measurement uncertainty) using this technique.

In many instruments, the vertical force is imposed using
a dead weight load; the force is not measured and is
assumed constant [3Ð9]. The reversal analysis is similar,
but in this caseFY = mg remains constant. As the details in
the Appendix demonstrate, the measured friction coefÞ-
cient is given by Eq.9.

�l0 ¼ l

cosðaÞ2 � l2 sinðaÞ2 ffi l ð9Þ

The biases do not vanish in this case, but they are
reduced by orders of magnitude at low friction coefÞcients;
for a friction coefÞcient of 0.01 and misalignment of 1� , the
error using reversals is 0.01% vs. 280% without reversals.
Reversals provide a robust route to substantially reduced
misalignment bias for a variety of traditional tribometers.

It should be noted that the precedingXÐY analysis has
neglectedXÐZ and YÐZ misalignments. These misalign-
ments produce cosine errors in the friction force and nor-
mal force measurements, respectively. AZ-axis force
measurement can be used to align the system if the needed
degrees of freedom are available. If alignment is not pos-
sible, theZ-axis measurement can be used to account for
the bias. It is difÞcult to determine the effects of the mis-
alignments on the friction coefÞcient measurement without
three orthogonal force measurements.

4 Measurement Uncertainty

The uncertainty analysis given here follows that of Schmitz
et al. [1] and the ISO ÔÔGuide to the Expression of
Uncertainty in MeasurementÕÕ [2]. The uncertainties in
individual measurements (forces) propagate into measu-
rand (friction coefÞcient) calculations according to theLaw

Fig. 2 Left: the forward
friction coefÞcient,l0

f , plotted
versus the angular misalignment
for different values of the
interfacial friction coefÞcients,
l. Right: the measured friction
coefÞcient normalized to the
interfacial friction coefÞcient
for different values ofl. In all
three cases, signiÞcant errors
result from slight misalignment
angles. Measurements of
ÔsuperlowÕ values of friction
coefÞcient (\0.01) are
especially difÞcult to defend
using standard methods
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of Propagation of Uncertainty, as is shown mathematically
in Eq. 10.

ucðMÞ2 ¼
Xn

i¼1

oM

oxi

� �
u xið Þ2 ð10Þ

Equation8 is differentiated according to Eq.10 to yield
the square of the combined standard uncertainty of the
averaged friction coefÞcient in terms of measurements and
uncertainties in measurements as shown in Eq.11,

u2
c �l0ð Þ ¼ 1

2FYðaverageÞ

� �2

u2 FXð Þ þ �1
2FYðaverageÞ

� �2

u2 FXð Þ

þ � FXf � FXrð Þ
2F2

YðaverageÞ

 !2

u2 FYð Þ

u2
c �l0ð Þ ¼ 1

2
1

FY

� �2

u2 FXð Þ þ FX

F2
Y

� �2

u2 FYð Þ ð11Þ

whereFX andFY are the average of absolute values and the
average, respectively. This expression is simpliÞed further
with the use of a common force uncertainty and the
deÞnition of the averaged friction coefÞcient as shown by
Eq. 12.

u2
cð�l0Þ ¼ 1

2F2
Y

1 þ 2�l02
� �

� u2ðFÞ ð12Þ

Taking the square root of Eq.12 yields the combined
standard uncertainty in the averaged friction coefÞcient
which is largely just a function ofFY and the force
uncertainty.

uc l0ð Þ ¼ 1ffiffiffi
2

p
FY

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 2�l02

q
uðFÞ ffi 1ffiffiffi

2
p

FY

uðFÞ ð13Þ

5 Experimental Validation

The linear reciprocating tribometer shown in Fig.3 was
used to investigate the misalignment and reversal effects
experimentally. The machining tolerances and the number
of mated connections were minimized in an effort to
minimize the resulting transducer misalignment. A control
test performed without intentional misalignment gave
friction coefÞcients ofl0

f = 0.1036± 0.0016 in the for-
ward direction andl0

r = 0.1045± 0.0015 in the reverse
direction (taken from 1,000 measurements). Using these
populations with Eqs.4 and7, the angular misalignment is
calculated to lie in between 0.021� and 0.033�
(*0.0005 mm/mm which indicates very tight tolerances)
with 95% conÞdence.

The tribometer was also designed for small measure-
ment uncertainties. A six-channel load cell is mounted
directly to the sample, and unlike remote force sensing
techniques with low friction gimbals, the load cell provides

the only force path to ground. In addition, measurements of
normal force allow distinction between variations in fric-
tion coefÞcient and variations in normal force. The single
component load cell makes the assumption of orthogonal
axes reasonable.FY and FX uncertainties were found (as
described by Schmitz et al. [1] in detail) using mass stan-
dards and statistical methods to be approximately 0.7 N
and 0.3 N, respectively. The uncertainty in the averaged
friction coefÞcient wasconservatively calculated using
Eq. 13, a vertical force of 250 N and a common force
uncertainty of 0.7 N, to beuc(l) = 0.002.

For a controlled study of misalignment effects, mea-
surements must be made at steady state and in the absence
of wear with a single interfacial friction coefÞcient that is
independent of track position and misalignment angle.
These effects cannot be controlled; materials tend to stick
at reversals, friction coefÞcients are sensitive to speed,
position, transfer Þlms, and wear; and varying misalign-
ments can alter the area of contact. In an effort to minimize
these effects, a 20 wt% PEEK/PTFE solid lubricant
described in [10] was used for its unusual combination of
wear resistance, uniform transfer Þlms, and stable frictional

Fig. 3 Linear reciprocating tribometer used for experimental inves-
tigation of transducer misalignment and bias correction. The simple
and symmetric design has a small number of mated surfaces to reduce
the accumulation of angular misalignment between the transducer and
counterface. The friction loop of the control experiment gives a
misalignment of a = 0.027� ± 0.006� which suggests that tight
machining tolerances were held
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behavior. The pin has a nominal contact area of 6 mm9

6 mm and was tested under a 250 N normal load over a
25 mm stroke at 20 mm/s. Following a continuous 2 day
run-in period, tests were conducted with various intentional
misalignments. Feeler gages of 0.04 mm, 0.10 mm,
0.25 mm, 0.38 mm, 0.63 mm, and 1.25 mm thickness were
used to elevate one side of a lapped 304 stainless steel
counterface at a distance of 36.53 mm away from the
contacting edge.

For each experiment, the forward and reverseFY andFX

forces were continuously measured and used to calculate
forward and reverse friction coefÞcients continuously.
These data are plotted versus the track position in Fig.4.
At zero misalignment, the friction loop appears visually
centered aboutl = 0. As the misalignment angle increa-
ses, the friction loop tends downward. At 2� , the bias is
nearly 50% of the interfacial friction coefÞcient.

The force data from each experiment were analyzed per
Eq. 8 to obtain the interfacial friction coefÞcients as
functions of wear track position. These Ôphase lockedÕ data
are plotted versus track position in Fig.5. Invariance of the
results for varying misalignment gives an indication of the
robustness of the method.

The data also contains rich information about the tribo-
system. First, the interfacial friction coefÞcient does not
decrease with increased misalignment due to the reduced
Ôapparent contact areaÕ and increased pressure. Second, the
frictional characteristics were incredibly stable from one
experiment to the next despite unloading, shim insertion,
and reloading. Third, it can be concluded that waviness

effects are negligible. The forward friction coefÞcient at 0�
misalignment is shown as a line plot behind the averaged
friction coefÞcients in Fig.5. Despite appearing very ßat at
the scale of Fig.4, magniÞcation in Fig.5 reveals local
ßuctuations and a slight increase with increased sliding
distance. With unidirectional data, these features might be
mistakenly attributed to local waviness and counterface
curvature, respectively. However, the reversal technique

Fig. 4 Friction loops for
varying angular misalignments
between the transducer and the
counterface. As the
misalignment increases, the
friction loop is further offset
about zero. At 2� , the bias is
about 50% of the friction
coefÞcient

Fig. 5 Averaged friction coefÞcients plotted versus track position for
various degrees of misalignment. The forward friction coefÞcient of
the control experiment is shown as a gray line to demonstrate local
variations and a general slope that are found only at high axis
magniÞcation. The recreation of these features following averaging
indicates that these are systematic variations in the friction coefÞcient
rather than random scatter. It also demonstrates the robustness of the
technique and the stability of the interface with loading and unloading
over the course of the experiment
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eliminates these effects and indicates that the features
reßect true variations in the friction coefÞcient. In addition,
they are systematically reproduced at each misalignment
condition, thus demonstrating a high degree of interfacial
stability. The harmonics are likely artifacts from the step-
per motor driven ball screw stage. The trend of increased
friction coefÞcient with increased position is likely related
to a variation in the transfer Þlm that developed during the
prior run-in period. As described in Burris and Sawyer
[10], this particular composite material has extremely low
wear rates in dry sliding conditions. Over the course of
these experiments, it is unlikely that a single wear event
occurred; it can be said with a high degree of conÞdence
that this experiment was performed under wear-free inter-
facial sliding conditions.

The means and standard deviations of the forward,
reverse, and averaged friction coefÞcients are given in
Table1 and plotted as functions of the misalignment angle
in Fig. 6. At zero misalignment, the forward, reverse, and
averaged data are essentially unaffected and accurately
reßect the interfacial friction coefÞcient within the uncer-
tainty in the measurement. Equations4, 7, and8 have been
solved as functions of misalignment angle and are plotted
as dashed lines in Fig.6. The theoretical curves are bound
by regions of 1 (containing 68% of the data) and 2 (con-
taining 95% of the data) combined standard uncertainties to
provide a visual envelope for the expected dispersion of
measurement values. The averaged, forward, and reverse
friction coefÞcients are within the bounds of expected
behavior. For seven experiments with widely varying
misalignment angles, the measured friction coefÞcients are
in excellent agreement giving a mean friction coefÞcient of
l = 0.1040 and a standard deviation ofr = 0.0006.

6 Conclusions

1) A simple analysis of the angular misalignment
between the counterface and transducer indicates that
friction coefÞcient measurements are extremely sen-
sitive to misalignments from realistic manufacturing
tolerances.

2) A reversal technique has been proposed as a simple
and robust means to eliminate misalignment induced
biases in friction coefÞcient measurements.

3) Results of experiments with controlled misalignment
angles reßected the predicted sensitivity. A model low
wear interface was used to demonstrate that the
reversal technique completely eliminated the mis-
alignment sensitivity and revealed rich details in the
frictional characteristics that could not otherwise be
discerned from waviness.
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Appendix

Analysis of Dead-Weight Loading

Most tribometers avoid measurements of normal force by
prescribing it with a dead-weight.FY is constant and equal
to the product of mass and the gravitation acceleration

Table 1 Means and standard deviations from 1,000 measurements of
forward (lf), reverse (lr) and averaged friction coefÞcient for varying
misalignments

a (� ) l0
f r l0

f

� �
l0

r r l0
r

� �
l r(l)

0.000 0.1036 0.0016 0.1045 0.0015 0.1039 0.0012

0.060 0.0998 0.0020 0.1064 0.0011 0.1034 0.0012

0.160 0.0997 0.0021 0.1068 0.0011 0.1035 0.0011

0.399 0.0956 0.0029 0.1121 0.0011 0.1047 0.0014

0.598 0.0905 0.0027 0.1143 0.0013 0.1042 0.0018

0.996 0.0816 0.0029 0.1219 0.0011 0.1050 0.0008

1.992 0.0566 0.0021 0.1364 0.0014 0.1034 0.0012

Average 0.1040

SD 0.0006

The averaged friction coefÞcient is mathematically identical to the
interfacial friction coefÞcient,l. The reversal technique provides a
robust friction coefÞcient measurement independent of the transducer
misalignment angle

Fig. 6 Friction coefÞcient measurements plotted versus misalign-
ment angle. Calculations of the expected behaviors plus and minus
one and two standard uncertainties are also plotted. The data lie
within the envelope of expected behavior and the interfacial friction
coefÞcient is accurately measured at all misalignment angles
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(mg). In this case, the normal force changes when the
motion path reverses. Using mg forFY in Eq. 3 gives,

Fnf ¼ mg

cosðaÞ � l sinðaÞ ð14Þ

Similarly for Eq. 6,

Fnr ¼ mg

cosðaÞ � l sinðaÞ ð15Þ

Using these deÞnitions in Eqs.2 and5 gives,

FXf ¼ mg � l cosðaÞ
cosðaÞ þ l sinðaÞ � mg � sinðaÞ

cosðaÞ þ l sinðaÞ ð16Þ

FXr ¼ �mg � l cosðaÞ
cosðaÞ � l sinðaÞ � mg � sinðaÞ

cosðaÞ � l sinðaÞ ð17Þ

Inserting Eqs.16 and 17 into Eq. 8 gives the averaged
friction coefÞcient,

�l0 ¼
1
2 FXf � FXrð Þ

FYðaverageÞ
¼ FXf � FXr

2 � mg

¼
mg�l cosðaÞ

cosðaÞþl sinðaÞ � mg�sinðaÞ
cosðaÞþl sinðaÞ þ mg�l cosðaÞ

cosðaÞ�l sinðaÞ þ mg�sinðaÞ
cosðaÞ�l sinðaÞ

2 � mg

¼ l

cosðaÞ2 � l2 sinðaÞ2 ffi l

ð18Þ
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